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I. INTRODUCTION

This thesis. is concerned with extending the concept of "distortion-
less" filtering to certain discrete-data situations, in particular, to the
situations to which the usual Kalman filter theory is applicable., A brief
derivation of Kalman's recursive equations is given in Section III, and
then in Section IV g distortionless constraint is applied. However,

" before Sections III and IV are presented, a very brief review of the areas
of classical and Wiener filter theory and an extensive review of distor-
tionless filtering are given in this section and Section II,'respectively.
This background material is mainly related to continuous-dats situations.

To be specific, consider the simple filtering situation shown in
Figure 1. The filter input is a signal x(t) plus noise n(t), and the
object of the filter is to operate on this input in such a way that the
output %(t) is a good approximation to the true signal value x(t). Al-
though nonlinear filters are sometimes used, only linea; filters are con-
sidered here; and so it is appropriste to represent the filter by a trans-
fer function ¥(s).

Now in classical filter theory, it iz assumed that the desired fre-
quency response of the filter is known; i.e., Y(s) is given. The purpose
of the theory is to help the filter designer choose an appropriate elec-

trical network configuration to yield the given frequency response. For

x(t) + n(t)

Y(s) ___M

Figure 1. A simple continuous-datae filtering situation



example, if x(t) is a low-frequency signal and n(t) is mainly high-
frequency noise, then the desired frequency response is obviously that of
a low-pass filter. The classical theory gives various ways to implement
the filter, depending on such things as whether x(t) is a voltage or a
current, whether capacitors are more readily availsble than inductors, and
so forth.

It can be seen that if the frequency spectra of the signal and the
noilse are known.and do not overlap, then the filter can be chosen, at
least theoretically, so that its output is exactly x(t). In other words,
for this case it is relatively easy to choose Y(s) so that the filter
blocks ell the noise without in any way distorting the signal. However,
in the case where the signal and noise are both '"noise-like" in character
and there is an overlap in their frequency spectra, it is no longer
obvious what filter frequency response would be best. In fact, it can be
seen that in this case even an ideal filter will corrupt or distort the
signal somewhat in process of attenuating the noise}; and so in general a
compromise must be made which permits some signal distortion in order to
attenuate more of the nolse. Choosing the frequency response that gives
the best compromise then becomes the first step of the filter-design
problem, and it is this part of the problem to whicl Wiener filter theory
is appliceble. After the desired transfer function is obtained, however,
the actual implementation is still frequently done by using elassical
filter theory.

In Wiener filter theory, an appropriate problem statement for a
situation like that shown in Figure 1 is as follows: given the spectral

density functions of x(t) and n(t), determine the "optimum" transfer



function Y(s). The optimization criterion is minimization of the mean-
square error, where the error e(t) is defined as the difference between
the output and the true signal; i.e.,

Ce(t) = &(t) - x(t) (1.1)
Discussion of the restrictions placed on ¥(s) and on £he situations to
which Wiener's work mey be applied can be found, for example, in Bendat
(2) or Brown and Nilsson (5).

The point of the previous discussion that is most important to this
thesis is that using Wiener's theory in a situation like fhat of Figure 1
usually yields a transfer function that distorts the signal. 'Hence, even
if the input noise happens to be zero for all time, the output is not
exactly equal to the signal. (It should be noted that ‘the word "happens"
is used here, and in similar statements later, to imply that the filter is
designed in anticipation of some nonzero noise.) However, another situa-
tion that sometimes occurs is that the signal is available from two inde-
pendent, noisy sources. In this case, even when nothing is known about
the signal, it is possible to attenuate the noise (the extent of attenua-
tion depending on the particular situation) and yet satisfy a distortion-
less constraint such that the filter output is exactly equal to the signal
if both input noises heppen to be zero. A rather thorough review of
distortionless filtering is given in the next section, and so no more will
be said about it at this time.

It will be seen in Section III that Kalman's theory involves a set of
recursive matrix equations, implementation of which usually requires a
digital computer. Thus a Kalman filter is quite different from-the elec~

T

trical network that results from the use of classical filter theory. The



reason that the term filter is frequently given to Kalman's technique is
that it may be considered to be a discrete analogue of a multi-dimensional
Wiener filter. The term "estimator" is often an appropriate equivalent for
the term filter and is sometimes used in connection with Kalman's work.
Although the term estimator will not be used in this thesis, filter outputs
will generally be called estimates and errors such as that defined by 1.1
will be called estimaticn errors.

The somewhat sketchy background given by this introductory section is
supplemented by the next two sections, after which the major part of the

thesis will be presented.



II. A REVIEW OF DISTORTIONLESS FILTERING TECHNIQUES

Distortionless filters have been used since the early 1950's in
continuous~data situations; and more recently, some work has been done to
extend the concept to discrete-data situations. ‘But before any specific
comments are made about ‘the previous work in this area, it should be
pointed out that the name distortionless filter is not often used. A term
that has been used more frequently is "complementary" filter, and quite
frequently no special name has-been given to the filter at all. The sig-
nificance of the names distortionless and complementary will be seen later.
As for the sitﬁations where no speciél name has been used, one reason
probably is that the filter was not designed specifically to satisfy a
distortionless constraint, but instead just happened to be distortionless.

An example of the use of a complementary (as they call it) filter is
provided by References (1), (9), and (11). All three papers were written
in connection with an instrument landing system for aircraft which includes
a rather specific filter. The filter combines three related signals such
that under certain conditions the output would be a perfect cstimate if
the input noise were zero.

In References (2), (5), and (6) distorticnless filters appear in
Sections 4.6 and 4.7, Chapter 15, and Sections 3.4 and 4.2, respectively.
Although neither Bendat (2) nor Darlington (6) call the resulting filter by
any special name, Brown and Nilsson (5) mention both the names distortion-
less and icomplementary. In all three of these references, the situstion
that led to a distortionless filter involved estim ting a signal (using
Wiener filter theory) when two independent, noisy sources are a&ailable.

The sources might, for example, be measurements of the same variable with



two different types of measuring devices or measurements of related
variables, such as position and velocity. An interesting point that can be
seen from these references is that a distortionless filter may have one of
two basic physical configurations, both of which yield the same estimate.

In order to clarify this last statement, as well as some of the
previous ones, an example from Benning (3) will be presented here. Con-
sider a situation where there are two inputs available, say x(t) + nl(t)
and x(t) + nz(t), where it is assumed that nl(t) and n2(t) are independent
of each other and are realizations of different random processes with
known spectral density functions. The filter will be called distortionless
if it satisfies either of the foliowing equivalent constraints: 1) the
filter has a unity transfer function with respect to the signal, or 2) if
the input noise happens to be zero, then the filter yields & perfect esti-
mate of the signal. |

Figures 2 and 3 show the physical configurations that will be con-
sidered. In Figure 2 the output may be written as follows (after the
Laplace transform is taken of each time-domain function):

X(s) = X(s)[Yl(s) " Yz(s)]-i- W (s)¥, (s) + My(s)¥y(s)  (2.1)
Applying the distortionless constraint here requires that i(s) = X(s) when
Nl(s) and Nz(s) are zero. It can be seen from 2.1 that this constraint is
satisfied for any value of the signal X(s) if the term in brackets is
equal to one, in which case Ye(s) can be written in terms of Yl(s) as
follows:
1,(s) =1 - 1,(s) (2.2)

Thus when the distortionless constraint is applied, Equation 2.2 can be

used to write the output in terms of only the transfer function Yl(s) as



x(t) + nl(t)

x(t) \
7/

x(t) + n2(t)

Figure 2. A simple linear system for estimating x(t) directly

x(t) + n2(t)

Figure 3. A system equivalent to that shown in Figure 2



follows:
X(s) = X(s) + N ()Y, (s) + Ny(s)[1 - ¥,(s)] (2.3)
It is at this point that the significance of the terms distortionless
and complementary can best be seen. From 2.2 it might be said that the
second transfer function, YQ(S)’ is the "complementf of Yl(s). If, for
example, this type of distortionless filter is extended to the case of
three inputs, each with additive noise, the result is that the sum of two
of the transfer functions is complementary to the third transfer function
(see Brown and Nilsson (5, p. 373)). On.the other hand, it can be seen
from 2.3 that for any Yl(s) this filter pesses the signal X(s) withous
"distorting" it. Thus it is seen that there is some basis for the use of
each name; nevertheless, the name distortionless will be used almost exclu-
sively throughout the rest of this thesis.
Next, consider the filter configuration shown in Figure 3. The
following equation may be written for the output:
X(s) = X(s) + Wy(s) - Ny(s) | (2.4)
But it can also be seen from Figure 3 that ﬁz(s), the Laplace transform of

the estimate of n (t), may be written ss

fipte) = [Ny0e) - m ()] x(a) (2.5)
This equation can then be used to rewrite 2.4 to give
X(s) = X(s) + 0 (s)3(s) + my(e)1 - (s) ] (2.6)

It can be seen that 2.6 is identical to 2.3 if ¥(s) = Yl(s). Thus the
dashed boxes in Figures 2 and 3 are identical distortionless filters if, in
Figure 2, Yl(s) is replaced by Y(s) and Y2(s) is replaced by 1 - ¥(s).

A third equivalent filter éan be obtained by switching the ‘inputs in

Figure 3, in which case the intermediate estimate is of nl(t) and Y(s)



corresponds to Ye(s) in Figure 2 rather than Yl(s).

Fihally, one answer will be given to the important question of what
Y(s) to choose. If the optimization criterion is minimization of mean-
square error, then Y(s) is the Wiener filter which would estimate nz(t)
from an input of nz(t) - nl(t). This seems quite reasonable for the con-
figuration of Figure 3, and in Section 15~2 of Brown and Nilsson (5) the
~same conclusion is reached for the configuration of Figure 2.

A significant feature of the example being considered here is that no
assumptions are made about the characteristics of the signal. The point is
that nothing needs to be assumed or known agbout the signal, since the
choice of transfer functions depends entirely on the characteristics of the
noise when the filter is forced to satisfy a distortionless constraint.

The same idea may be stated in the other direction as follows: if very
little is known about the signal characteristics (or if the filter is to be
capable of handiing e variety of signals), then in situations where two or
more independent, noisy sources of the signal sre availsble a good filter
to use is one that satisfies a distortionless constraint. On the other
hand, a distortionless filter is not the best choice in situetions where,
for example, the signal is "noise~like", with a known spectral density
function. In that case it would be better to use a two-dimensional Wiener
filter (see Section 15-3 of Brown and Nilsson (5)); i.e., a configuration
like tﬁat shown in Figure 2 but with no constraining relationship between
Yl(s) and YQ(S)'

It might be mentioned here that using a distortionless filter is some-
vhat analogous to using a minimax decision rule irn a decision theory

problem (see Sections 10-1 and 11-1 of Harman {7)). 1In decision theory,



10

using a Bayes decision rule is the "best" procedure when "enough" a priori
information is available. However, if the a priori information turns out
to be inaccurate, then using a Bayes decision rule can lead to very poor
results. On the other hand, the minimax decision rule, although not as
good as Beyes when accurate a priori information is available, is better
than Bayes when the a priori information is poor. In other words, the
minimax decision rule is used to avoid the possibility of extremely poor
results, and in this sense it may be considered a "safe" procedure to
follow. Similarly, & distortionless filter, with its ability to follow

- even the most abrupt changes in the signal, may be considered a "safe"
filter to use.

A brief review of Benning's thesis (3), which essentially suggested
the topic being considered in this thesis, will be givén to conclude this
section. In terms of the example presented earlier, Benning's work might
be described as an extension of both the distortionless filter configura-
tions, shown in Figures 2 and 3, to a multi-dimensional case. In particu-
lar, the situation considered is one where there are n inputs available,
each of which is a linear combination of m signals (where m is less than n)
and each of which also contains an additive noise term. The work involves
considereble use of Wiener filter theory; in fact, the extension of the
second configuration (i.e., Figure 3) yields a filter with two major
"blocks", of which the first is a "linear algebraic operator" and the
second is a "generalized (n~m)-dimensional Wiener filter". Benning then
reasoned that the filter Jjust described could be used in discrete-data
situations by simply replacing the Wiener filter by an ordinary Kalman

filter, a change that in & real-life situation might involve replacing
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numerous electrical networks by a digital computer. Unfortunately,
extending the first configuration (i.e., Figure 2) to the multi-dimensional
discrete-data case, which is essentially the purpose of this thesis, is not
so straightforward. In fact, the approach taken in the derivations in
Section IV in no way relies on Benning's analogous filter for the
continuous-data case.

This review of previous work in the area of distortionless filtering
should be sufficient background for an understanding of the constraint

applied in Section IV.
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IITI. A REVIEW OF THE KALMAN FILTER EQUATIONS

The main purpose of this section is to obtain the usual Kalman filter
equations in the same notation used throughout the rest of the thesis, as
well as to present a derivation that can be modified to take into account
a distortionless constraint. The notation used here is similar to that of
Sorenson (10), and the derivation is a combination of the one presented
by Sorenson and the one presented in Brown's unpublished notes (L).

The mathematical model that is used assumes that the state of the

system can be described by the following linear, vector difference equa-

tion:
x(k) = o(k,k-1)x(k-1) + w(k-1) (3.1)
where
x(k) is the n-dimensional state vector of the system at time Ty
®(k,k-1) is the n by n state transition matrix
w(k-1) is an n-dimensional vector of state responses due to white-
noise driving functions that occur between tk—l and tk'
The vector random sequence w(k) is assumed to have zero mean, i.e.,
E[:E(kﬂ = 0  for all k (3.2)

Also, it is assumed to have a known covariance matrix as follows:
Blat0e™(5)] = W) B (3.3)
where de is the Kfﬁnecker delta and W(k) is a symmetric, n by n matrix
which is assumed to be nonnegative-definite.
In general, the R.H.S. (right hend side) of 3.1 might include a
control term and a deterministic driving function, but these terms are not

important here and so will not be inecluded.
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In addition to 3.1, the mathematical model includes the following
measurement (or outpu't) equation:
(k) = H(k)x(k) + v(k) (3.4)
where
¥(k) is the m-dimensional measurement vector at time t
" H(k) is the m by n observation matrix

_w_r_(k) is an m-dimensional vector of measurement noise.

The random sequence v(k) also has zero mea: and a known covariance matrix

as follows:
E y_(k):] = 0 for all k (3.5)
Eg(k)f(jﬂ = V(k)ékj (3.6)

where V(k) is a symmetric, m by m matrix which is assumed to be non=-

negative-definite. It is also assumed that v(k) is un.correlated with w(k).
The object of the Kalman filter is to estimate x(k), the state vector
at time t,, by meking "optimum" use of the measurement y(k) and the a
priori estimate £'(k). The a priori estimate is really the optimum esti-
mate of x(k), given measurement data through time t,_,» and is defined as

Df
(k) = O(k,k-1)%(k~1) (3.7)

—

1>

This is a reasonable definition since, according to 3.2 and 3.3, w(k-1) has
zero mean and is not correlated with w(k-2). The "optimum" estimate X(k)
is defined to be that linear combination of y(k) end £'(k) which minimizes
the sum of the mean-square errors associated with estimeting each of the
state varisbles. The estimation equation may be written in either of the

following two ways:

&) = £'06) + K[y - KR (x) o (3.8)
or %(x) = [I - K(k)H(kﬂ_?g'(k) + K(k)y(x) (3.9)



1k

where the n by m matrix K(k) is called the gain (or weighting) matrix.
By analogy with 1.1 for a scalar situation, the estimation errox; is
given here as
ek) = &(k) - x(x) (3.10)

Similarly, the error in the a priori estimate is defined as

e'(k) = &' (k) - x(k) (3.11)
The covariance matrices associated with e(k) and e'(k) are, respectively,

P(k) = E g(k)gT(k)] ' (3.12)

P'(k) = E[g‘(k)g'T(kﬂ (3.13)

both of which are symmetric, n by n matrices. A general element of P(k),
denoted as pij(k)’ is equal to E ei(k)ej(kﬂ ; and a general element of
P'(k), denoted as qij(k)’ is equal to EEi(k)eé(kﬂ .

In Section D.1 of Sorenson (10) it is shown that the Kalman filter
gives an unbiased estimate of the state vector if the initial estimate
2(0) is chosen to be equal to EE:_(OZl ; end so it will be assumed here that

E g(kﬂ = E lc.(kﬂ for all k (3.1%),

From this equation and 3.10 it can be seen that the estimation error has

zero meen, from which it follows that the variance of the ith element of

[0

e(k) is equal to the expected value of the square of ei(k); i,

’ 3
VarE:i(k):] = E[e?(k):l' (3.15)
Thus, the trace (the sum of the elements along the major diagonal) of P(k)
may be written as
n 5
Tr P(k) = E[ei(kﬂ (3.16)
i=1
According to the definition of "optimum" given prior to 3.8, Tr P(k) may be

considered to be a loss function which is to be minimized by the sppropri-

— ~
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P(k) and K(k). First, 3.10 may be written as follows, by using X(k) from
3.9 with y(k) replaced by 3.k:
e(k) = [I - K(k)H(kﬂg' (k) + K(k)¥(k) (3.17)

This can theh be multiplied by its transpose and the expectation taken to
yield P(k). Some terms in the resulting equation are zero from previous
assumptions, and so the desired equation relating P(k) and K(k) is

P(k) = [I - K(k)H(kﬂP'(k)[:I - K(k)H(k-i] . + K(k) V(K (k) (3.18)
The method useé here for determining the optimum gain matrix is to take the
partial derivative of the trace of P(k) with respect to K(k) and then to

set the result equal to zero as follows:

%‘ﬁjl‘l = -2E: - K(_k)H(kE’P'(k)HT(k) + 2K(k)V(k) = 0 (3.19)

Rather than explain the differentiation rules that are used here, it will
simply be mentioned that the appropriate identities are listed in Brown's
notes (4). It should also‘be noted that Sorenson (10) derives the same
equation for K(k) without doing any differentiation.
Solving 3.19 for the optimum gain matrix yields ,
K(k) = 2 (0)E (o) BOOR! (00BN k) + ()] - (3.20)
where 1t has obviously been assumed that the mevrixz in brackets is non=
singular. This equation for K(k) can be used in 3.13 to give the following
equation for the covariance matrix:
P(k) = P'(k) - K(k)[H(k)P'(k)HT(k) + V(k;_] K" (k) (3.21)
Note that this equation holds only for the optimum K(k), whereas 3.18
holds for any gain matrix.

Both of the last two equations involve P'(k), the error-covariance

matrix for the a priori estimate; and so it is necessary to derive an

equation for it in terms of known quantities. First a new equation for
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e'(k) may be obtained by using 3.1 and 3.7 in 3.11 to give
e'(k) = o(k,k-1)e(k-1) - w(k-1) (3.22)
This equation can then be used in the definition of P'(k) given by 3.13.

By using some of the prior definitions and assumptions, one can obtain the

following result:
P'(k) = ©(k,k-1)P(k-1)0 (k,k-1) + W(k-1) (3.23)

This completes the derivation of the Kalman filter equations; and so

to summarize, a few comments will be made about the order in which the

equations are used. If measurements have been taken through time t the

k-1°
estimate %(k-1) has been made, and P(k-1) has been computed, then the next

computations can be done in the following order:

1) use 3.7 to obtain the & priori estimate R'(k) and use 3.23 to
compute the associated error-covariance matrix P'(k);

2) compute the optimum gain matrix K(k) by using 3.20 with the P'(k)
determined in 1)

3) obtain the new estimate %(k) by using either 3.8 or 3.9 with the
K(k) determined in 2) and the current measurement y(k);

4) compute the error-covariance matrix P(k) associated with this

estimate by using 3.21 with the P'(k) determined in 1) and the

K(k) determined in 2).

The cycle then begins over with 2(k) being used in 3.7 to give the a

priori estimate of the state vector at time t and P(k) being used in

k+1
3.23 to yield P'(k+l), and so forth.

The concepts of distortionless filtering and recursive (or Kalman)
filtering have now been reviewed without any specific connection between

the two. The next section will show how a distortionless constraint can be

applied in g Kalman-type situation.
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IV. DERIVATION OF EQUATIONS FOR DISTORTIONLESS RECURSIVE FILTERS

A. Genersl Case

In terms of the ideas introduced in the first three sections, the
object in this section is to apply a distortionless constraint (analogous
to the second oné listed early in Section II) to a Kalman filtering situe-
tion. The results here are an extension of the basic configuration shown
in Figure 2, in the sense that the estimate is direct rather than being the
re;ult of subtracting out an intermediate estimate of the noise. A rather
general situation is considered first and then various special cases are
considered. ngever, before the derivations are presented, two general
comments are in order.

First, in order to simplify the notation, the time at which a variable
is evaluated will usually be given only when a time other than tk is con-
sidered. Thus, whenever an equation from Section III is used here, the k's
will usually be omitted.

Second, many of the equations that follow involve partitioned vectors
and matrices, an introduction to which may be found in Hohn (8, p. 33).
Essentially, the submatrices that result from partitioning mey be treated
exactly as elements of matrices as long as the dimensions are'compaxible
for the operations being performed. One requirement that deserves special
mention is that in a product of two matrices, say AB, the columns of A must
be partitioned in exactly the same way as the rows of B.

The situation to be considered here might be termed a modified Kalman
model. The first modification is that each of the state variables isAdes—
ignated as either a "signal" variable or as a "noise" varisble. In par-

ticular, it is assumed that there are r "signal" variebles and that these
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variables are the first r elements of the state vector X. Hence, the state

vector may be partitioned as follows:

X

X Df x—
N S R o (4.1)
- xr+l —y=N

L n |

where X, is the r-dimensional "signal" vector and Xy is the (n-r)-dimen-
sional "noise" vector. The designation given a particular variable may be
somewhat arbitrary, as long as the restrictions that are given later in
this section are satisfied. On the other hand, in some situations the
choice of "signal" and "noise'" vectors is obvious. For example, if the
measurement noise is not a white noiée sequence but instead is correlated
between sampling times, then it is frequently possible to consider the
measurement noise to be the output of a "shaping filter'. A shaping
filter operates on a white noise input in such a way that the output has a
given covariance matrix (see Sections F.1 and F.2 of Sorenson (10) for
further discussion of shaping filters). In this case, the measurement
noise is used to augment the original state vector, and v is zero in the
measurement equation. The original state vector is then a natural choice
as the "signal" vector, with the measurement noise as the "noise" vector.
This noise-free measurenent model is one of the special cases considered
later, but for now v is assumed to be nonzero.

In order to lead up to the second basic assumption, recall from 3.1

that the state vector is given by
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x(k) = o(k,k-1)x(k-1) + w(k-1) o (k.2)
which will be written here as simply
x = ®x(k-1) + w(k-1) (.3)

Now the transition matrix ¢ can be partitioned into four submatrices as

follows: _
I
L L O T o D Y5 RN S 1
. . l .
|
]
0 = _¢Zl.. - -¢Er.. -l- ?r;ril- -l ?n} --
¢r+l,l te ¢r+l,r: ¢x~|-l r+l °°° qJr+l,n
. . . ' . -
|
d>nIl. t ¢nr : ¢n,r+l tee ¢nn
pe % | %3
- - .—'- -
1 O (4.4)

In addition, the first r rows of ¢ will be denoted as <I>l and the last n-r

TOWS as @2; or in terms of the submatrices defined in L.k,

l
2 = [:‘Ds{%] (b.5)
—_
0, = [2! 2| (4.6)
Also, w may be partitioned into g and N in a menner similar to the parti-

tioning of x in 4.1; and so 4.3 cen be rewritten in the following parti-

tioned form:

¢ v, (k-1)
-’:‘J S s R R b (b.7)
_y:N;‘ 2, v_rN(k-J.)

This can be written as two equations, one of which is written as follows

vhen 4.5 and the partitioned form of x(k-1) are used:
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Es(k"l
E’si 3| | &, Te"1T t uglk-1)

Xg

<I>S§s(k-l) + <1>3>_cN(k-1) + -v_:s(k-l) (4.8)
Similarly, 4.6 can be used in the other equation that can be written from

4.7 to give
x = x(k-1) + dpc (k-1) + w(k-1) (k.9)

The essumption is now made that
9 = 0 forallk (k.10)
It can be seen from 4.9 that this assumption means that the value of the

"noise" vector at time t,_ is not to depend on the value of the "signal"

k

vector at time t Although this restriction may at times prevent a

k-1°
desired defining of "signal" and "noise" variables, it will be seen later
that 4.10 must hold if the distortionless constraint used here is to be
satisfied. |

With the restrictions that have been placed on the situation, the
distortionless constraint to be applied here can be defined by direct
analogy with the second alternative given in Section II. The constraint
may be stated as follows: if both the "noise" vector and the measurement
noise happen to be zero for all k; then the filter must yield a perfect
estimate of the "signal" vector; i.e., the following equality must hold:

£ = x4 (k.11)

i1f both Xy and v happen to be zero for all k.

It will be seen later that this constraint can be satisfied by requir-
ing that the estimate of the state vector be independent of the a priori

estimate of the "signal" vector, i.e., that & be independent of X%. The

_}Es.

procedure now is to use partitioning to obtain an equation for X which
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- is in appropriate form for epplying the condition just stated.
First, in order to use the partitioned form of X in the measurement

equation, it is necessary to partition H as follows:

e -
}
hll LN BN ) hlrl hl’r+l * 9 hl-n
| Df \
= -:- : S E‘s;“n] (4.12)
_le e B m,r+l Bn

Using this equation and L.l in 3.k yields the following form for the meas-

urement equation:

.
Nt B

= HSZS + HNEN + v (L.13)
It is also necessary to partition an nth order identity matrix so that
it and the partitioned form of H can be used in the estimation equation.
The notation of simply I and O will be used fecr identity and zero matrices,
respectively, when the dimgnsions are obvious or unimportant. However, it
will sometimes be desirable to denote an ith order identity matrix as I(i)

end an i by § zero matrix as 0(1’3). Thus, I(n) may be partitioned as

follows:
| -
() 7(r) | olrsn-r) e
I = |- tamre) FS(EE) T = I, | I
n-r,r) | _(n~T) S N (L.1h)
0 | I i

The estimation equation given by 3.9 can be rewritten here as

g = E:(n) - KIE]}—?" + Ky , (4.15)

Using 4.12.and 4.1k, one cen partition the factor in brackets as follows:

R IR ENEN B ATy

l:IS - Kig ; Iy ~ KH.N:) (4.16)
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The a priori estimate X' can, of course, be partitioned the same way that
x is in b.1; and so using 4.16 and a partitioned X' in 4.15 yields the
following equation:

A = - l\' - A'

IR Ers KHS]_:_cS + E:N mlﬂa_cN ¥ Ky (4.17)
According to the statement below Equation 4.11, the distortionless

constraint is satisfied if % is independent of % It can be seen from

]
Xye
4,17 that this condition is satisfied if

E_'S-KH;I = 0 (4.18)
and so this will be called the constraint equation. Using 4.18.in k4.17
yields the following equation for the estimate of the state vector made by
the distortionless filter:

28 = |1 -x" "'+K*I (4.19)

£ y ~ X Hy|2y :

*
where KX is the gain matrix that minimizes Tr P while at the same time
satisfying 4.18, the constraint equation. But before obtaining an equation
* ,

for K , it will be shown that 4.19 yields a distortionless estimate of the
"signal" vector for any gain matrix K that satisfies 4.18. First, K can be
partitioned between rows r and r+l and written as follows:

Xs

—— (4.20)
Ky

Using this and the definition of I given by L.14, one may write the fol-

lowing two equations from the constraint equation:

=
1]

K.H 1{7) (4.21)

578

I%Hszo(

Using 4.20 and the definition of Iy given by 4.1k, one can rewrite 4.19 as

n-r,r)

(4.22)
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% 0-K K
S O I T - P (4.23)

Xy e “y

From this equation the estimate of the "signal" vector can be written as

follows, by using 4.13 for y:

~ = - A'
25 = gy + Ks[igng + Hyy + ] (1.2
This can be rearranged end the factor that multiplies ¥ can be simplified

by using 4.21 so that the following equation results:

N

Py e

The other equation'tham can be written from 4.23 is the following

(again using 4.13 for y):

& = [T~ e v g v B+ x] (4.26)

In this equation, the factor multiplying is zero (according to 4.22);

Xg

and so 4.26 can be rewritten as follows:

& = E-KNHQ&WKN%“fKNz (4.27)
ell

Now rec from 3.7 that the a priori estimate is given by

R = 0R(k-1) (4.28)
Then by using the partitioned form of & given by 4.4, one can write the
following equation for 2N by direct analogy with 4.9:

& = @hgs(k—l) + @NS‘_LN(k-l) (4.29)
At this point the significance of the assumption that ¢) is zero (see 4.10)

can be seen. First, 4.29 simplifies to give

2 = 9f(k-1) (4.30)

If Xy and v both happen to be zero for all k, then L.27 becomes

~
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g = [:-xﬂﬁbﬂg& (4.31)

Using 4.31 evaluated at time t in 4,30 yields the following equation:

k-1
g = T - K leDE 1) g 6e1) O (h3)
from which it can be seen that 2& is zero for ell k if it is zero for time
t, (for x; end v being zero for all k). Fortunately, it is reasonable for
2&(0) to be zero, since the state variables can usually be defined such
that the initial state has zero mean. Thus, if Xy and v are zero for all
k, then 3& is also zero for all k. It can be seen from 4.25 that in this
situation the estimate of the "signal" vector is perfect, and it can also
be seen from 4.27 that the noise is correctly estimated to be zero. Thus

the requirement that & be independent of X! is sufficient to cause the

gé
filter to yield a distortionless estimate of Xq (if @u is zero), and so the
gain metrix will be required to satisfy the constraint equation given bj
L.18.

| The next step is to determine the K* which minimizes Tr P while at the
same time satisfying the constraint equation. 1In similar scalar situations,
the usual procedure is to use the Lagrange multiplier technique; and so an
extension of that technique will be used here. TFirst, it should be noted
that the constraint equation could be written as nr scalar equations or as

r column-vector equations. In particular, if superscripts are used.to

denote the columns of Ig and Hg, then 4,18 implies that

ISl - KHSl = 0 FOr i = Lyean,r (4.33)
Now let Ai be an arbitrary, n-dimensional column vector (for i =1,

...,r) and define 6 as follows:

_ E i ‘ '
8 = TrP +.% Al ES —KHSJ (4.34)



25

Note that 6 is a scalar which includes the necessary nr Lagrange multi-

pliers. The next step is to take the partial derivative of 6 with respect

to K as follows:

MK

P T i
z =% A, Kig (4.35)
i=1

The first term here is given by 3.19 and the general term in the summation
AT
is simply Am (Hsl) . Or since the transpose of the ith column of HS is

equal to the ith row of HST, denoted a.s(HST) , 4.35 may be written as
i

r
Y P e YL i (L.36)
oK . =\S /.
i=1 i
Now if an n by r matrix A is defined such that its ith column is li’ then

the product of AHST may be written as follows:
B ]

...lx:l :
T :

(4.37)

w0
H
1}
l|>4|
}_J
[
>
[ a2
7omT
mH
S~———~
| .
+
+
4>‘
=
w0
H
~—
H

It is clear that the right side of 4.37 can be written as a summation that
is identical to the summation in 4.36, and so 4.36 can be written as
%% = —EE(n) - KEE\P'HT + 2KV - AHST (4,38)

Setting this partial derivative equal to zero and rearranging the

result yields the following equation:
. .
K (HP‘HT N v) = P'H + %AHST - (4.39)

If, as in the usual Kalman filter derivation, EIP'HT + \ais assumed to be
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.of rank m and hence invertible, then both sides of 4.39 can be post-

multiplied by this inverse to give
-1
*
K = E"HT + %A}Isﬂ (HP'HT ¥ v) (k.40)

In order to eliminate the Lagrange multipliers from 4.40, it is necessary

to use the constraint equation, which mey be rewritten as

*
KHg = IS (h.41)

Thus, both sides of 4.40 can be postmultiplied by H. and the result can be

S

set equal to I_ according to 4.41. This latter equation can be rearranged

S
into the following form:

%AHST(HP'HT * v)—lﬁs =1, - P'HT(HP'HT * v)-lHS (k.42)
ST(HP'HT + V)-lH;l is of rank r end

hence invertible. This assumption reguires that HS be of rank r and that
m, the order of(HP'HT + V)—l, be greater than or equal to r (see Hohn (8,

It will now be assumed thatE%

p. 103)). In other words, at each time t, there must be at least as many

k
measurements (elements of y) as there are "signal" variables; aﬁd, in addi-
tion, the measurements musf include r linearly independent combinations of
the "signal" variables. With this assumption, both sides of 4.42 may be

postimulvipllied by the a@propriate inverse to give an expression for %A, an

expression which can then be substituted into 4.40 to give the following

equation for the gain matrix of the distortionless filter:

-1 -1 -1
#® T ‘ T T l‘ T T ‘ T
= 1 - ' ' [ )
K P'H™ + Is P'H (HP H™ + V> HS HS (HP H + V) HS HS

-1
(HP'HT + v) (L.43)

S

This can be written in various other ways, one of which requires

partitioning P' in the same way that ¢ is in 4.4 and using that form of P',
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the partitibned form of HT, and the definition of IS' The result can

(after several steps that are omitted here) be written as the following

two equations:

-1 -1 -1 -1
% ol D ol T ol
t ' - ' '
Ky = Piy (HPH +v) I HSEIS (HPH +v) H; HS(HPH +v>
-1 — -1 -1
+ [IEIST(HP'HT + v) H] H T(I{P‘HT + v) (4.Lh)
s| Hs
=1 -1l = =1
ol T ol T T
' - '
P, (I{P'H + v) I HSE{S (HP HE + v) H;] Hg

' (H.P'HT " v)— (4.45)

S g

Another equation for K can be obtained by solving~the original two
equations in a different way. First, setting the partial derivative given

by 4.38 equal to zero yields the following equation:

-
-2 E(n) - K*ﬂ PrEt 4 2KV - AHST = 0 (L4.46)

If Pi and Pé are defined to be submatrices of P' analogous to the

submatrices of ¢ defined by 4.5 and 4.6, respectively, then the partitioned
%

form of [E(n) -K %] suggested by 4.16 can be used to write the first term

of 4.46 as
(n) *] T _ ¥* . * T
-2E - KH/P'H = =2 I, - K H;Pl * Iy - K HN Pé H (4.k7)

¥
But since (Es -K %% is constrained to be zero, 4.47 can be simplified and

then used to rewrite L.L46 as

* T ¥ T
2EN KHQPQH + 2KV - AEg 0 (4.48)
which can be recarranged into the followiig form:
* T - vl . ipm T :
K ENPéH +\i] = LRI+ HAH , (4.49)

*
This equation and the constreint equation can now be solved for K by
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. .
the same procedure used in solving 4.39 and L4.41 for K . The only different
a.ssumptlon that is necessary here is that ELNP'H + ﬂbe invertible. Al-

though the result obtained is not identical to L4.43, it is of the following

similar form:.

K = INPéHT-I-[IS-INP (HNP'H +v) :H: (H.NPH +v ]

(HNPQH + v) (4.50)

This equation can be written as two equations in a manner similar to

that which led to 4.4l and L4.U45. . First, P} can be partitioned in the seme

way that 9, is in 4L.6. This form of Pl

the definitions of IN and IS can then be used in 4.50 to yield the follow-

the partitioned form of H, and

ing two equations:

=1 -1 -1 .
K: - EST( PéHT + v) lH_;J HST(H.NPéHT + v) - (k.51)

-1

1{; = PI(II-LNT(HNPéHT + v)-l I-Hg E{ST (ﬁNpéHT ¥ v)-ng BT

(}Ll\IPéHT * v) (4.52)
* ®
It can be seen that this equation for KN can be written in"terms of KS as

‘% = Pr (T{ Iyt + )_lE - HSI’;] (k.53)
Even though there is little resemblance between L4.51 snd k.44, the two
equations should yield identical results, as should 4.53 and 4.45. It
seems clear that the computation time involved will generally be shorter
if 4.51 and 4.53 are used. In fact, the main reason for presenting L.Lk
and 4.45 is that they are easily modified to fit the first special case
considered in part B. |

The error-covariance matrix P associated with the distortionless
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estimate can be obtained from 3.18, since it holds for any gain matrix.
However, the constraint equation can be used to simplify 3.18. If P! is
partitioned in the same way that ¢ is in L.4, then that form of P' and the

partitioned form of [% - K%] given by 4.16 can be used to write 3.18 as
b - )
_ * | ¥ ' ! I.-KH ¥ *T
P o= ES‘KHS:IN KHI\] SSL LA ISl ek (b.5h)

But since the constraint equation requires that E? - K*Hé} be zero, 4.5k
becomes ' .
#* : #T .
P = EN-KH‘E‘P&EN-KHQ + X VK (4.55)
If 4,43 or 4.44 and 4.45 are used for computing the gain matrix, then
the covariance matrix P' associated with the error in the & priori estimate
is given by 3.23, which is rewritten here as
P! = ¢p(k-1)07 + W(k-1) (k.56)
However, if the gain matrix is computed from 4.50 or L4.51 and 4.53, then
only the last n-r rows of P' (i.e., Pé) are needed. If W(k-1) is also
partitioned such that its last n-r rows are denoted as Wé(k—l), then the
following equation for Pé can be written from 4.56:
Py = 0,P(k=1)8 + W,(ke-1) (4.57)
This equation will be left as is, even though more partitioning and expand-
ing could be done (and some simplification does occur because ¢h is zero).
This completes the derivation of equations for a distortionless recur-
sive filter to correspond with the usual Kalman filter equations. It might
be mentioned that the computations for the distortionless filter are done

in the same order that was suggested at the end of Section III for the

Kalman filter.
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Before special cases are considered, an "intuitive" method for imple-
menting the distortionless filter will be explained. It was noted in
Section III that the elements along the major diagonal of P are the vari-
ances of the estimation errors. Similarly, the elements along the major
diagonal of P' are the variances of the errors in the a priori estimates.
It seems reasonable that if one of these elements, say 440 is very large,
then the a priori estimate ﬁi of the corresponding state variable should
receive very little weight in determining the new estimate X. Looking at
the situation in the other direction suggests that X could be made inde-
pendent of ﬁi,by replacing Qs by some large value in the usual Kalman
equation for the gain matrix. Thus if Qi1 e +0Q,, 8Ye replaced by some
large value in the usual gain matrix equation, then the resulting estimate
of x should be independent of ﬁi,...,ﬁ; (i.e., gé); and so the resulting
filter should yield the same results as those obtained by using 4.43 or
4.50 for K*.

The only justification for this method is that it does seem to be
intuitively satisfying and that it checks with the previously obtained
equations for K* in the particular cases that have been tried. The second

example in Section V is worked by both methods to illustrate their equiva-

lence in the situation presented there.

B. Special Cases
Special cases will now be considered, beginning with the noise-free
measurement model; i.e., the situation where xﬂk) is known to be zero for
all k. Hence, V(k) is also zero for all k. The distortionless constraint

can then be stated as follows: if the "noise" vector happens to be zero



31

for all k, then the filter must yield a perfect estimate of the "signal"
vector. The procedure here is like that used in the general case, and so
only the differences will be mentioned. First, the expanded form of the

measurement equation given by 4.13 simplifies to

L = Hgxg + Hpgy (b.58)

The constraint equation and estimation equation given by 4.18 and
4.19, respectively, are the same here except that the y in L4.19 is given
by 4.58 rather than 4.13. Thus the equation (corresponding to 4.25) for

the estimate of the "signal" vector becomes

A

By = Xt Kgiy(Ry - &) (4.59)

The covariance matrix P is given by 3.18 without the second term, and
so the modification of equations such as 4.36 and 4.38 that is necessary
“here is to simply drop the terms that have V as a factor. Thus 4.39
becomes

KHP'HY = P'HC + i ' (4.60)
It is now assumed that HP'HT is of rank m and hence invertible. This
assumption requires that H be of rank m, that P' be of rank at least as
great 2s m, and hence that m be lezs than or cqual te n. Then both sides
of 4.60 can be multiplied by the appropriate inverse to give

K = E"HT *Wsﬂ (HP'HT)-J“ " (h.61)

This equation and the constraint equation (which is unchanged here)
can be solved for K* by direct analogy with the derivation for the more
general situation. The same requirements that arise following L.L2 must

also be met here. The gain matrix for this first special case is given by

the following equation, which is 4.43 with V replaced by zero:



32

K = <P+ [IS - P'HT(HP'HT)_J'HS]EIST (HP'HT)-J'H;I ~u" (HP'HT>‘1

(4.62)
This can be partitioned and written as two equations which are the same as
L. LY and L4.45 with V replaced by zero. Essentially, the equations for the
general case are'modified by setting v and V equal to zero ﬁhen the model
indicates no measurement noise.

The next special case con: .lered is that of r=n; in other words, the
situation where all the state variables are designated as "signal"” varia-
bles. The covariance matrix V is assumed to be nonzero; and the distor-
tionless.constraint is that if v happens to be zero, then a perfect esti-
mate of the state vector x must be obtained.

It can be seen from 4.15 that the equation that corresponds to the
previous constraint equation (given by L4.18) is

I-KH = 0 (4.63)
When this constraint is satisfied, 4.15 simplifies to give the following
estimgtion equation:

2= Ky - (4.64)
where x could also be denoted as A5 Again the derivation is like that
used in the general situation, and only the changes will be pointed out.
In 4.39 and 4.40, the HST is replaced by HT. Instead of postmultiplying
4.4 vy Hy, it is ppstmultiplied by H; end the result is set equael to I
according to 4.63. Hence the equation that corresponds to L.h2 is

%AHT(HP‘HT + v)‘lH = I- P'HT(HP?HT + v)‘lH (4.65)

It will now bé assumed that the matrix product that multiplies.%A in

4.65 is of rank n (which equals r). This assumption requires that m be

greater than or equal to n and that H be of rank n. In other words,
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the measurement vector must include n linearly independent cor ... tions of
the state variables. Postmultiplying both sides of 4.65 by cthe appropriate
inverse yields

BA = ET(HP'HT * v)‘lﬂ'l - P (1.66)
Using this expression in the equation for K* that corresponds to 4.40
yields an equation that can be written in the following form:

K = E{T(HP'HT * v)‘lxgl 'lHT(HP'HT + v) -1 (4.67)

Recall that the measurement equation is

y = H+y (4.68)
In the special case where H is square and invertible, a distortionless
estimate of X can be obtained by letting K* be H'l. Using this form of K*

and 4.68, one can rewrite 4.6k as

$ = x+Ely  (h.69)
Fortunately, when H is invertible, 4.67 reduces to K = HL. Thus it might
be said that, in this situation, 4.67 yields the "obvious" answer, a result
that could also be obtained by using Just the constraint equation.

Finally, the expression for the error-covariance matrix simplifies to

2 o= K" (4.70)
when the constraint equation given by 4.63 holds.

Tt should be noted that the estimation equation (given by L.64) for
this r=n situation no longer has a recursive naturej; i.e., each estimate
depends only on the measurement taken at that time and does not depend on
previous measurements in any way.

The last special case considered involves a very simple change from

the general case, namely, that r=m. This means that the number of "signal"

variables is exactly equal to the dimension of the measurement vector Yy and
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that HS is square. Also, corresponding to the assumption following L.h2,

HS will be assumed to be invertible. No new derivation is necessary here,

but considerable simplification of 4.51 and 4.53 is possible. First, the

following equation can be written (see Hohn (8, p. 95) ):

T 1 -1 . T\-1
EIS (H P H + v) lH] = Hy (HNPQH + v) (HS ) (4.71)
Using 4.71 in 4.51 gives

* T l T -1
- 1 1
Ks = S (HNP2H + V) (S ) (H'NP H™ + V)

_ -1
= Hg (4.72)

Using this result in 4,53 gives simply

#

Ky =0 (k.73)
It can be seen from 4.25 and 4.27 that the estimates of Xg and Xy in this
case become

A — _l o1 *, -l '

By = xg* Hg *&«(EN-EN)*HS v (b.74)

o= X | (4.75)

Since the initial "noise" vector is estimated to be zero, it can be seen
from 4.30 and 4.75 that gN and EN will be zero for all k. Thus 4.T4

becomes

N

2, 0= X * HS-l(gNEN + Z) | (4.76)
from which it is clear that the distortionless constraint is being satis-
fied.

The results of this section are summarized in Section VI, after first

being illustirated by the two examples presented in Section V.
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V. EXAMPLES

Both examples considered here are discrete-data versions of the two-
input problem introduced in Section II. The object of the filter is to
meke a distortionless estimate of the signal, called s(k) here to distin-

guish it from the state vector, using the two noisy measurements

'Yl(k) s(k) + nl(k) | (5.1)

yp(k) = s(k) + nylx) . (5.2)

For the first example, nl and n, are assumed to be uncorrelated meas=-
urement noises with variances Viy and Voo respectively. - The covariance

matrix V can then be written as

[fv 0
vo= (5.3)

L? v22

The state vector has only one component, s{k), which will be denoted as xl
(wvhere the time notation has been dropped), and so the measurement equation
is

Yy = X, * (5.4)

This example clearly corresponds to the second special csse considered in
part B of the last section, the dimensions being n=r=1 and m=2. ’Hence, the
covariance matrix associated with the a priori estimate has only one ele-
ment and will be written as

P' = qp (5.5)

The gain matrix can be computed by using 4.67, from which it can be

seen that the inverse of the following matrix is required:



HP'ET 4+ V = (5.6)

91 * Voo
where H, of course, is the vector multiplying Xy in 5.4, The inverse of

the matrix may be written as follows:

-1 1 Q. +V -q
(}IP'HT + v) = e 1L (5.7)
| Q1 (Vyg * Vo) * Vi3V | =y 97 * V)
Premultiplying both sides here by HT gives
-1 1
HT(HP'HT * v) = E,22 "1’1] (5.8)
29 (vyq *+ Vap) * Vs, -

Postmultiplying both sides of this by H yields a scalar whose inverse is

-1 Qoo (Voo + Vo) + VooV
EIT(}EP.HT_‘_v)% _S11tVyy T Vo) T VgV (5.9)

V11 * Voo

. , .
It can be seen from 4.67 that K is then obtained by premultiplying 5.8 by

1
* (5.10)
vll + v22 22 : 11

5.9 to give

Using this gain matrix in the estimation equation given by L4.64 yields the

following equation:

1 P
. (5.11)
1 Vi F Voo (221 1192

It might be noted here that the two measurements are weighted by com-
plementary amounts. Also, it can be seen that the result obtained might
have been reached by requiring the sum of the two weighting terms to be
equal to one and then choosing the weighting such that the messurement with

the greatest noise-variance is given proportionately the least weight.

Using 5.4 in 5.11 gives the following equation:
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) 1

%l = Xt ;ZI-;—;;; (V22n1 + vlln2) (5.12)
This equation is quite similar to 2.3 for the analogous continuous-data
situation.

The error-covariance matrix associated with the estimate given above

can be computed by using 4.70. Premultiplying and postmﬁltiplying V by,
respectively, K* and its transpose yields

V..V
11°22 .

p o= L2 (5.13)
11 22

It is of some interest to compare the results obtained for a distor-
tionless filter with those obtained using the usual Kalman equations.
First, it can be seen from 3.20 that the K for this example is found by

premultiplying 5.7 by P'HT. The result cean be written as
1

v.. v (5.14)
Vi1 F Ve ¥ vllVE%/qll [:ée IEJ

The error-covariance matrix can then be computed by using 3.21, which

K =

yields the following equation (after several intermediate steps):
V1122
Vi1t Va2 vllvea/@ll

A comparison of 5.14 and 5.15 with 5.10 and 5.13 indicates that how

P =

(5.15)

much affect the distortionless constraint has in this example depends on

the size of Q9 relative to V11Voo: It can be seen that a relatively

uncertain a priori estimate (i.e., large qll) results in a gain matrix that
#

is essentially the same as X , as the intuitive method suggested. As would

be expected, the error-coveriance metrix which results by using the usual

Kalman equations is better (i.e., smaller) than when a'constraint is

applied.
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In the second example, nl(k) and nz(k) are assumed to be Markov and
are modeled as the output of a shaping filter. The situation thus in-
volves noise-free measurements, each of which is the sum of two state

varisbles. In particular, the three-dimensional state vector is defined as

xl(k) s(k)
Df
x(k) = |x,(k)| = n, (k) (5.16)
x3(k) n2(k)

In terms of these state variables, the measurement equation (written from

5.1 and 5.2 without the time notation) is given by
r = = X (5.17)

This is an example of the first special case considered in part B of
Seetion IV, with dimensions r=1, m=2, and n=3. Thus, m is less than n; and
it can also be seen that H is of rank m. Finally, P' is assumed to be of
rank at least 2 at each value of k. Thus, the requirements are satisfied
so that 4.62 can be used to compute K*. |

(3)

The necessary partitioning of H and I is given by the following two
»

equations:

1:1 0

H = ! =EI: ] (5.18)
110 1 s Hy
1'0 0
]

(3) _ ' -

I 011 o= E[Sill\;] (5.19)
0l o0 1 :

The covariance matrix P' can be written as



o 9o 3 (5.20)

Some of the intermediate steps that lead to the final result will be

noted. The first matrix product of interest is

-1

. Q1 * 25 * 9 A1 % Yo * 3 * I3
HP'H™ = (5.21)
Qi * Yo * Y3t Gy U * 23t A3
The inverse of this matrix can be postmultiplied by HS to give
-1 1 Ay t Qg = Qs = 4
(HP,HT> p et %37 %337 %2 7 %3 (5.22)
12 7 %2 T %3 T %3
where the indicated determinant is given by the following equation:
T
1
IHP . ] Ua%02 * Y1933 * Lol3z * 290%3 ¥ 215033 * 2d)39
2 2 2
=92 T %3 " %3 T 291%3 " 295%3 ~ 29393 (5.23)
Premultiplying 5.22 by HST yields a scalar with the following inverse:
i
- - ]
ik 3 (. bty L o (5.24)
S 8 T Qan - 29, *+ Q
22 23 33
The first bracketed factor in 4.62 is given by
PN R b
S S 1
2
412933 * U399 T 9ppd33 ~ 1993 = g3 ~ 93 |3 (5.25)
=]

: -1l -1
This can be postmultiplied by'{%ST (?P'HT) éé] HST (using 5.2k4) to give

the following expression:
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o1 1
910933 * 99395 ¥ Qo033 7 Q1093 < 91393 ~ Y3 L (5.26)
Upp = 23 * 433
1 -1

The factor in braces in 4.62 is then obtained by adding 5.26 to P'HY. The

result will be denoted as follows:

a a

11 2
Df ] 1 (s.27)
= — a, a 5.27

Aop = 24p3 * Q33 | &L 22

431 83

#*
Finally, it can be seen from 4.62 that K is given by postmultiplying 5.27

=1
by GKP'HT) . MAgain the result is given a shortened notstion; i.e.,

12
. 1
= 7 b22 (5.28)
(q22 - 2g, + q33) IHP H l
P35

It turns out that each of the bi 's here has IHP'HTl as a factor, and the

J

*
final form of the equation for K becomes

1 433 = %3 Ao = 923
*
K = Uor = Qs = Q (5.29)
Qp - 24,5 * Qg |22~ %23 23 ~ Yoz
o3 ~ 933 G33 7 9p3

This same example will now be worked by the intuitive method. As the
previous section indicated, the result will check with 5.29. The first
step is to compute the usual Kalman gain matrix. Since V is zero here, K

is given by 3.20 with V omitted; and so the equation to be used is simply

-1
K = P'HT(HP'HT) (5.30)

Although not previously written out, this expression could be computed as

an intermediate step leading to 5.25. At any rate, using the particular
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matrices of this example in 5.30 yields

K = T
lHP'H ]
[~ + + 7]

431933 * 910973 * 972933 911990 * 930913 * 99390
91793 = 9433 T 933%3 Q31983 = 432 T 4503
Q11955 * Qqplq4 * Gr0Q 2
1192 * 930973 * 10933 41,905 * Qp + 9003

* 2975355 * Qpol33z ~ U193 C91%p ~ 45%93 ~ 39

2
"5~ 2855853 < 933%3

2
~923

2
q * a4 +a
1%3 7 %13 7 S13%3 Q11933 ¥ Q9973 * 295593

=y 1822 = Q1582 = 97,8

2
~Upln3 = 43~ 2913%3

2
9o3

i

(5.31)

he qll2 terms cancel cach

#*
other in the computation of K. Tnis is important because K is to be

that

)
<t

An interssting, important point here 1

obtained by letting 47 be very large in 5.31, and so the highest power of
Q4 occurring in the elements of the matrix of 5.31 should be the same as
© the highest power of q,, occurring in [HP'HTl (given by 5.23). As Q4
becomes large in 5.31, the terms containing no qll become negligible; and

#
then qll cancels out of the rest of the terms so that K is given by
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9337 %3 %2 " %3
K, = ——t (5.32)
.= - - -q .
Qpp - 2053 * g3 90 ~ 923 93 ~ 90
(323 = 933 933 ~ %3]

which does check with 5.29. Presumably, computer implementation of the
intuitive method could be accomplished in this.example by replacing 99 by,

say, ten (or maybe one hundred) times the largest element in the original

P' matrix.
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VI. SUMMARY

The purpose of this thesis has been to extend the basic distortion-
less filter configuration shown in Figure 2 to discrete-data situations, in
particular, fo situations to which the usual Kalman filter theory is appli-
cable. As might have been expected, however, it has been necessary to
place some restrictions on the Kalman-type situations to which a distor-
tionless constraint may be applied. The restrictions, which, for emphasis,
will be repeated here in the summary, mainly involve the transition matrix
9, the relative dimensions of thé measurement vector and the partitioned
parts of the state vector, and the rank of the measurement matrix or
partitioned parts of it.

First, whenever there are both a "signal" vector and a "noise" vector,
the @) part of the transition matrix must be zero (see h;lO). Because of
this assumption, it is not permissible to designate a particular state
variable as a "noise" variable if its value at time t, depends on the value
of a "signal" variable at a time prior to by

Another significant assumption was made following 4.42. That assump-
tion reguires HS to be of rank r and also requires the following inequality
to hold:

r<m (6.1)
In other words, there must be at least as many elements in the measurement
vector as there are "signal" variables.

Although various equations are given for the gain matrix in the gener-
al case, the most useful equations are 4.51 and 4.53. These eqﬁations are

*
sufficiently straightforward that computing K should not require an

unreasoneble amount of computer time.
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In the spe~ial case where v is known to be zero, the additional
requirements (see below 4.60) are that H be of rank m and that P' have
rank at least m, which then requires the following inequality to hold:

m<n (6.2)
This simply means that the dimension of y must not be greater than the
dimension of X, & condition which is nearly always satisfied when the
model calls for v to be zero. The equation for K* in the noise-free meas-
urement situation is.given by k.62.

Now in the special case where all the state variables are considered
to be "signal" variables (i.e., when r=n), the inequality that corresponds
to 6.1 is

n<m (6.3)
This inequality is essentially the opposite of the one given by 6.2 and_
means that there must be at least as many elements in y as there are state
variebles.. Although this situation is not a common Kalman-type situation,
it is a natural carry-over from the distortionless filter idea presented
in Section II, as can be seen from the first example in Section V. The
gain matrix is given by 4.67 for this r=n case.

Finally, in the last special case considered, the only‘thing that is
different from the general cace is that HS is assumed to be square and
invertible. This assumption leads to considerable simplification of the
equations for the gain matrix, as cen be seen from 4.72 and 4.73.

It should generally be possible to obtain the distortionless filter
gein matrix by using the intuitive approach explained in Section IV
(shortly after 4.57) and illustrated in Section V.

In conclusion, a distortionless constraint can be applied in various
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situations, 'r'Jut certain requirements must be met in each case. The situa-
tion in which a distortionless recursive fil:ber is most apt to be useful

is the noise-free measurement case, especially the case where the actual
measurement noise is considered to be the output of a shaping filter. In
this case, the original state vector is augménted by the measurement noise
and v is zero. If the "new" state variables are designated as the "noise"
variables, then <I>l+ is zero and the first major req_u:iremeht is automatically

satisfied.
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